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^ \ We show how the classical string dynamics in D-dimensional gravity background can 

^1 be reduced to the dynamics of a massless particle constrained on a certain surface 

C/^ ' whenever there exists at least one Killing vector for the background metric. We obtain 

QQ ■ a number of sufficient conditions, which ensure the existence of exact solutions to the 

equations of motion and constraints. These results are extended to include the Kalb- 
\ Ramond background. The Dl-brane dynamics is also analyzed and exact solutions 

\ are found. Finally, we illustrate our considerations with several examples in different 

dimensions. All this also apphes to the tensionless strings. 



PACS number(s): 04.25.-g, ll.lO.Lm, ll.25.-w, 11.27.+d 



Dh! 1 Introduction 

The string equations of motion and constraints in curved space-time are highly 
nonlinear and, in general, non exactly solvable. Different methods have been applied 
^ \ to solve them approximately fl]], [0], 0-0 or, if possible, exactly |P-[|n|. On the 

d ' other hand, quite general exact solutions can be found by using an appropriate ansatz, 

which exploits the symmetries of the underlying curved space-time 0, ||12|-||3^. In 
most cases, such an ansatz effectively decouples the dependence on the spatial world- 
sheet coordinate a |T2|-EH| or the dependence on the temporal world-sheet coordinate 



r [|T9], |2^-[^. Then the string equations of motion and constraints reduce to 
nonlinear coupled ordinary differential equations, which are considerably simpler to 
handle than the initial ones. 

In this article, we obtain some exact solutions of the classical equations of motion 
and constraints for both tensile and null strings in a Z)- dimensional curved background. 
This is done by using an ansatz, which reduces the initial dynamical system to the 
one depending on only one affine parameter. This is possible whenever there exists 
at least one Killing vector for the background metric. Then we search for sufficient 
conditions, which ensure the existence of exact solutions to the equations of motion 
and constraints without fixing particular metric. These results are extended to include 
the Kalb-Ramond two-form gauge field background. The D-string dynamics is also 
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analyzed and exact solutions are found. After that, we give several explicit examples 
in four, five and ten dimensions. Finally, we conclude with a discussion of the derived 
results. 



2 Reduction of the dynamics 

To begin with, we write down the bosonic string action in D- dimensional curved 
space-time M-n with metric tensor qmn 

S = Jd^^C, C = -^^-1^^dmX''dnX''gMN{X), (1) 

dm = d/dC, C = {e,e) = {r,a), m,n = 0,1, M, N = 0,1, D - 1, 
where, as usual, T is the string tension and 7 is the determinant of the auxiliary metric 

Here we would like to consider tensile and null (tensionless) strings on equal footing, 
so we have to rewrite the action (|I]) in a form in which the limit T ^ can be taken. 
To this end, we set 
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^ Ai - (A^)' + (2A0r) 

and obtain 

C = ^gMN (X) {do - X'd,) X'' (do - X'd,) - A^T^^MTv (X) d,X''d,X 

The equations of motion and constraints following from this Lagrangian density are 

1 



(2) 



do 



2A0 



do-yd,]X 



di 



2A0 



do - X'dA X 



\^Tf,^ {do - X'd,) X^' {do - \'d,) 



2A°T2 



2A0 

52 vK 



dfx'' + TlfNdiX'''diX'' + (SilnA") diX 
2 



K 



guN (X) (^0 - X'di) X'' {do - X'di) X^ + (2A°r) qmn (X) 9iX*^9iX^ = 0, (3) 

QMN {X) {do - X^d,) X^'d.X'^ = 0, (4) 

where 

1 



MN 



^9 {dM9NL + dN9ML - dL9MN) 



is the connection compatible with the metric qmn {X)- We will work in the gauge 
A*" = constants in which the Euler-Lagrange equations take the form 



do - X'dr) {do - X'd,) X^ + Tf,^ {do - X'd,) X^' {do - X'd,) X 

= (2A°t)' {dlX^ + TUdiX''d,X 



(5) 



Now we are going to show that by introducing an appropriate ansatz, one can reduce 
the classical string dynamics to the dynamics of a massless particle constrained on a 
certain surface whenever there exists at least one Killing vector for the background 
metric. Indeed, let us split the index M = (/U, a), {/x} 7^ {0} and let us suppose that 
there exist a number of independent Killing vectors 77^. Then in appropriate coordinates 

~ metric does not depend on X^. In other words, from now on we will 

work with the metric 

On the other hand, we observe that 

X^'ir, a) = F^[w±{t, a)], w±{t, a) = (X' ± 2A°T)r + a 

are solutions of the equations of motion in arbitrary D- dimensional background 
Qmn (yX^^, depending on D arbitrary functions F;^^ or F^^ (see also 0). Taking all 
this into account, we propose the ansatz 



(r, a) 
X"" (r, a) 



C!^w± + (r) , C±. = constants, 



(6) 



y {r) 



Inserting (P) into constraints (j^) and @ one obtains (the overdot is used for d/dr) 
gMN{y'')y'''y'' ± 2X'TC^ \g,N{y'')y'' ± 2\'TClg,,{y'^)\ = 0, 



0. 



Obviously, this system of two constraints is equivalent to the following one 



0, 

: 0. 



9MN{y'')f'y'' 

'g,N{y'')y'' ±2\'TClg,,{y'' 

Using the ansatz (|^) and constraint (P) one can reduce the initial Lagrangian to get 

1 



(7) 



' red I 



T] OC 



4A0 



gMNiyny^'y"" - 2 {2X'Ty CiClg,.{y^ 



It is easy to check that the constraint (|^ can be rewritten as g^'^^puVN = 0, where 
Pm = dU^'^ / dij^^ is the momentum conjugated to y*^. All this means that we have 
obtained an effective dynamical system describing a massless point particle moving in 
a gravity background guNiy"') and in a potential 

U ^T^C^Clg,,{y-) 

on the constraint surface (|]). 

Analogous results can be received if one uses the ansatz 



(r, a) = C^w± + 2^ (a) , X'' (r, a) = z'' (a) 



(9) 
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Now putting in (0) and (^) one gets (' is used for d/da) 

(2A°T)%(Ai)2] gMNZ^'z"^ 
+4A°T [(2A°T T A^) C^g.^z"" + 2A°TC^C^(7^,] = 0, 
X^guNz'^'z"' + [(A^ t 2A°r) C^g.^.z"' t 2\'TC^Clg,, 
These constraints are equivalent to the following ones 

0, 



0. 



gMN{z-)z"' z"" 



0. 



(10) 



The corresponding reduced Lagrangian obtained with the help of (|) and (|T0|) is 



' red I 



a) OC 



(A^)' - (2A°T)' 
4A0 



gMN\Z )Z Z 



and a similar interpretation can be given as before. 

In both cases - the ansatz @ and the ansatz (H), the reduced Lagrangians do 
not depend on and z^ respectively, and their conjugated generalized momenta are 
conserved. 

Let us point out that the main difference between tensile and null strings, from the 
point of view of the reduced Lagrangians, is the absence of a potential term for the 
latter. 

Because the consequences of and @ are similar, our further considerations will 
be based on the ansatz (|6|). 



3 Exact solutions in curved background 

To obtain the equations which we are going to consider, we use the ansatz 
and rewrite (|5|) in the form 



gKLr + ^KMNr'r ± 4A'^Tc^r^,^^i/^ = o 



At first, we set K = fi in the above equality. It turns out that in this case the equations 
(|Tl|) reduce to 



d 

dr 



0, 



g,.r + 9,ar±'2X°TC'^g,u 
i.e we have obtained the following first integrals (constants of the motion) 

g^.ur + 9i.ar ± 2A°TC^^?^, = = constants. (12) 

They correspond to the conserved momenta p^. From the constraint (H) it follows that 
the right hand side of (|I2|) must satisfy the condition 



0. 



Using the equations (|TT]) for K = a and the constraint (|^) can be rewritten as 



dr 



and 



(13) 



(14) 



where 



hab = gab - ga^.k^'gub, = A^A^k'^'' + (2X^Ty C^C^g,,, 

and k^'^ is by definition the inverse of g^,^: k^^g\y = 6^. For example, when gMN does 
not depend on the coordinate y'^ 

7 gaqgqb 

n-ab — gab , 

when gMN does not depend on two of the coordinates (say y'^ and y'^) 

1 _ _ Qaqgssgqb — '^gaqgqsgsb + gasgqqgsb 

i^ab gab 2 ' 

gqqgss ~ gqs 

and so on. 

At this stage, we restrict the metric hab to be a diagonal one, i.e. 



gab = ga^ik^'^'g, 



vbi 



for 



(15) 



This allows us to transform further equations (pIBf ) and obtain (there is no summation 
over a) 



^{haar)'+rda{KaV^) + rY: 



'h 



bj^a L 

where we have introduced the notation 

= gafik'^'^Af. 



da r-j^) {hby') -^d^aA^^Kay' 



0, (16) 



(17) 



In receiving (pIBf), the constraint (0) is also used after taking into account the restriction 

To reduce the order of the differential equations (|T6|) by one, we first split the index 
a in such a way that y^ is one of the coordinates y", and y"' are the others. Then we 
impose the conditions 



hr 



0, do. {KrfY = 0, dr {Karf = 0, A^ = dj^. 



The result of integrations, compatible with (0) and (|T5D, is the following 

{K^rf = {y- ^ y^) + Ko. [2 (A± - dr.f^) f - = E„ (/) 



+ 



Er if) , (19) 



where Da, Ea, Er are arbitrary functions of their arguments, and 



z =y + 



hvr 



To find solutions of the above equations without choosing particular metric, we have to 
fix all coordinates except one. If we denote it by y^, then the exact solutions of the 
equations of motion and constraints for a string in the considered curved background 
are given by 



X'^ (X^, a) = XC + (aV + a) - r 



/ UO \l/2- 

9uA + 



du, (20) 



X" = X^ = constants for a ^ A, t (x^) = tq ± J ^ ( ~ ) 
where Xq , Xq and Tq are arbitrary constants. In these expressions 



1/2 



^AA — ^AA [^^ 



HaA [X^ , Xg^^ 



and analogously for V^^ , ko" and g^j^. 



4 Turning on the B field 

Here we are going to obtain exact string solutions when the background also 
includes the Kalb-Ramond antisymmetric gauge field Bmn{X). To this end, we start 
with the bosonic part of the Green-Schwarz superstring action 



Si = -\j d^i [^l"'''d^X^'dnX''gMN{X)-e^^dmX^'dnX''BMN{X) 
Varying (^) with respect to X^ and '~imn, we obtain the equations of motion 



(21) 



-Qlk 
1 



-^HLMN^'^^'dmX^^dnX^ , H = dB, 



and the constraints 



(^^fc'^-n _ 2^km^ln^^ dmX^d^X^gMN {X) = 0. 



In the gauge 7"*" = constants and using (0), the Euler-Lagrange equations can be 
rewritten as 



9lm 



X 



M 



(22) 



+Tl,mn [(d, - X'd,) X'' [d, - X'd,) - (2A°T)29iX^^aiX^ 



2X"THLMNdoX^^ diX^ 
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and the independent constraints take the same form 
ansatz (|6|) into ('E2D one obtains 



(ffl) as before. Putting the 



0. 



(23) 



Now we suppose that the tensor field Bmn has the same symmetry as the background 
metric Qmn, i-e. O^qmn = Q^Bmn = 0. Then it follows that 



g^NV + 2A TC^ (5^^ ± g^^) = B = constants 



(24) 



are first integrals of the equations of motion (pS]). These conserved quantities are 
compatible with the constraint (§) when B^C^ = 0. Using (0), the equations of 
motion for y°' and the other constraint (|^ can be transformed into 



dr 

habry' + vi = o 



(25) 
(26) 



where now 



Vi = {2\'^t)' C^Clg^, + (5J - 2A°Ti?^ACi) A;^^ (b^ - 2A°Ti?.,C^) , 



±- 



The comparison of (25), ( p6D with ( 
from the latter by the replacements 



([T^ ) shows that the former can be obtained 



B 5 



B: 



i.e these equalities are form-invariant. Therefore, the first integrals (|T^) will have the 
same form as before under the same conditions on the metric hat and with B^ = dafs- 
The corresponding generalization of the exact solutions (PO]) for Bmn{,X) ^ will be 



(27) 



^0 



g%T(B^-2XW^,Ci 



1/2 



du. 



constants 



for ay^A, T (X^) = tq ± 



1/2 



du. 



We note that till now we have used the string frame (a - model) metric. It would 
be useful to have the obtained result written in Einstein frame metric, i.e. the frame 
in which the D-dimensional Einstein-Hilbert action is free from dilatonic scalar factor. 
In particular, we will need it in one of the following sections. In D dimensions, the 



connection between these two type of metrics is 



string 

guN = guN 



exp 



'a{D) 



{2t 



where for the string 

aiD) 



D-2' 



and is the dilaton field. With the help of (pH]), one can check that ( pT]) will give 

the right formulas for the exact solution in the Einstein frame, if one takes all metric 
coefficients in this frame and replaces V^*^ with 



2 



in the expression for X^, and with 



a{D) 
2 



exp ( ) vi' 



in the expression for r, where 0° = 0° ("^"^) ' ^^"^ 

r± = (fij - 2\'TB,^Ci) k^^ {b^ - 2\'TB^,C^) exp (-^0) + 
(2A°T)'c^C:^(7j,exp 



Let us finally give the induced metric Gmn which arises on the string worldsheet 
in our parameterization of the auxiliary metric 7™" given by and after taking into 
account the ansatz (W). It is 



G 



00 



A^^ — (2\^T^ Gil, Goi — A^Gii, Gn — G±G^g^y i^"") 



5 Exact D-string solutions 

In this section our aim is to consider the D-string dynamics in nontrivial back- 
grounds. We will use the action 

= / rf'e exp (-a0) v^/C"^" (G„,„ + S„„ + {qsTdY^ F^n) , (29) 
introduced in which is classically equivalent to the Dirac-Born-Infeld action 

Sdbi = -Td J d^^exp (-a0) - det (Cmn + Bmn + {QsTdY^ Fmn) ■ 

The notations used in (|29| ) are as follows. = T/qs is the D-string tension, where T = 
{2na')~^ is the (fundamental) string tension and Qs = exp(0) is the string coupling ex- 
pressed by the dilaton vacuum expectation value (0). Gmn{X) = dmX^^ dnX'^ gMN{,X), 
Bmn{,X) = dmX^ dnX^ Bmn{,X) and 0(X) are the puUbacks of the background metric, 
antisymmetric tensor and dilaton to the D-string worldsheet, while Fmn{C} is the field 
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strength of the worldsheet U{1) gauge field Am{0- ^ is the determinant of the matrix 
)Cmn, K."^"" is its inverse, and these matrices have symmetric as well as antisymmetric 
part 

where the symmetric part 7^" is the analogue of the auxiliary metric 7"^" in the string 
actions (|I|) and (^Tj). 

To proceed further, we set in (El) 



, mn 

Id 



-1 



(A^ + A2) (A^ - A2) + {2\^TDf 
and obtain the Lagrangian density 

exp(— a( 



2 _mri 



-ye 



(30) 



c 



D 



4A0 

, 2 



Qmn 



(Ay+(2A°Tz, 



+ 2A^ 



01 



2A°T,,)' + fA2^' 



The constraints that follow from here are 

guN {do - X'd^) X'' (do - X'd^) -\ 
QMN (do - \'di) X'^diX^ = 0, 

BMNdoX^'diX'' + {gsToy' Foi - X^gMNd.X^'diX'' = 0. 

The last constraint we will use to express the worldsheet field strength Fqi through the 
background fields QmniBmn and partial derivatives of the received solutions for X^. 
The other constraints we will solve together with the equations of motion. 

As until now, we will work in the gauge in which the Lagrange multipliers are fixed: 
j^o,i,2 _ Qonstants. In this case, the equations of motion for Am 



d„ 



A^ exp (— a</ 
2X^gsTD 







are identically satisfied when the dilaton is also fixed:<; 
ing equations are those for X^^ and they are 



constant. The remain- 



gLM 



{do-x'd,y-\{2x'Tnr+{x'y 



X 



M 



fail 



+r 



L,MN 



(do - A^^i) X^^ (^0 - A^^i) X^ - [(2A°Tz5)2 + (a 



^iX^^^iX 



N 



X^^ H LM nQoX^^ diX 
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The following step is to apply our ansatz (j^). However, in the D-string case it 
does not work properly - a little modification is needed. Actually, now the background 
independent solutions of the equations of motion (pID are 



X'\t, a) = [(A^ + A±)r + a], A± = ±^ {2\^ToY + (A 



where again are arbitrary functions of their arguments. Therefore, the appropriate 
ansatz is 

(r, a) = + A±)r + ^] + (r) , (r, a) = (r) . (32) 



The insertion of (32) into the equations (31) reduce them to the following ones 

gKLy"- + TKMNv'^'y'' + [x^Hk^n + 2A±Tk,^.n) = o, 

which possess the first integrals 

g^.Nv'' + CI {\^B^, + A^g^,) =B^ = constants, B^C^ = 0. 

In full analogy with the previously considered case, the equations of motion for y°' can 
be transformed into the form (^), where now instead of and -B^ we have 

^ AlC^Clg,, + (b^ - X'B^,Ci) k^^ {b^ - X'B^^C^) , 

± = ga^.k'^'B^ + A^ (5,, - ga^k'^'B,^) C^ 

The corresponding exact solution is 

X'' (X^, a) = X^ + C^ (aV + (j) (33) 



( 7^0 \ 1/2- 
-r R± \2r0 f 'MA 



X" = = constants for a ^ A, r (x^) =tq± j 

-^01 _ \2^u„0 r^u / D± \2dO lPA'dO r^u 



1/2 



yC^gl^Cl - [Bf - X'B^,Ci) k^,'Bl^Cl 

QsJ-D 



T {b\, - 9%K'B%) CI [- 



±0 



-1/2 

I , <j) = (bn = constant. 



6 Examples 

Let us first give an explicit example of exact solution for a string moving in 
four dimensional cosmological Kasner type background. Namely, the line element is 

(xO = t) 

3 

ds^ = guNdx^Ux^ = -{dtf + Y,t"'^{dx''f, (34) 

3 3 

11% = ^^ E ?J = 1- (35) 
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For definiteness, we choose = (2/3,2/3,-1/3). The metric (^) depends on only 
one coordinate t, which we identify with X"- = y°'{T) according to our ansatz @. 
Correspondingly, the last two terms in (|T^) vanish and there is no need to impose the 



conditions ([T8|). Moreover, the metric (Q) is a diagonal one, so we have haa = Qaa = — 1- 
Taking this into account, we obtain the exact solution of the equations of motion and 
constraints (120) in the considered particular metric expressed as follows 



(t, a) = + (aV + a)± Ap^{t), r{t) = r,± P{t), 



(36) 

/*^(t) = j'juu-^'i'' (^^)"'^'' = (0,2/3,2/3,-1/3). 

Although we have chosen relatively simple background metric, the expressions for 
are too complicated. Because of that, we shall write down here only the formulas for 
the two limiting cases T = and T ^ oo for t > to > 0. The former corresponds to 
considering null strings (high energy string limit). 
When T = 0, /^^ reads 



tM 



1 



1/2 



f2/3-2qis 



(gM-l/3)A 



F l/2,gM-l/3;gM + 2/3 



+ 



5/3-2(jM 




Qm - 5/6 
where 



F (l/2, 5/6 -g^; 11/6 



'AHl) + 



r(gM-l/3)r(5/6-gM) 



3^ 



2 ' 



F (a, 6; c; z) is the Gauss' hypergeometric function and T{z) is the Euler's F-function. 
When T ^ oo, /^^ is given by the equalities 



Jl,2 



1 



t"'F (l/2,-l/6;5/6;-^) 



ifF(l/2,2/3;5/3;-C^t^^ ^ 



1/6) F (2/3) 



1 



In 



1 



1 



1/2 



-In 



i + c^t^)'/' 



2n1/2 



1 + CH'' 



1 + CH'' 



where 



{Clf 
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The solutions for t < to may be obtained from the above ones by the exchange 

t <->■ to- 
Let us consider the asymptotic behaviour of the solutions. The tensionless string 

solution has the following asymptotics as a function of the cosmic time t 

3 



\r{t)-To\ 



1/2 



+1/3 

11/2'' ' 



X' {t,a) 



x^ + ci < 



3A^ 

[At) + [At) 



^5/3 



W) - Tol 



^3^ 



X''^t,a) x','' + C'/(^aT^t^^'y 

The asymptotic behaviour of the same solution as a function of the worldsheet time 
parameter r is given by 



t{T) ^ X'{r) 



{Aty+{Ai 



3/10 



\r - To 



3/5 



X^T,a) Xl + Cl(aT\'\r-To\)-, 



1/5 



3^5 |r- Tol 



X%r) 

(r,a) 



^3" 



r 



3/2 



1.2 „\ r^oo T^l,2 I ^1,2/ I ^l\ 
^ Aq +C± ((T+A r), 



X' (r, a) 



In the limit T — > cxo, the tensile string solution has the following behaviour for early 
times 

3 



r(t) - To 
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3A1 Af, 



r(o), 



^3 u „^ + Cla 



3A1 



8A0T 

For late times, the asymptotic behaviour is: 

3 



r{t) - To 
X' {t,cr) 



2\^TCIC 



1/3 



3A1 



2A0TCiC 



3 1+ „^ v3 I /^3 ^ J 

^0 + t^i^ + 2X0TCIC 



t. 



The asymptotic behaviour of this solution as a function of r is given by 



0/\ T^TO 



SA^TCi 



(ro - r) 



3/4 



X^'^(r,a) X','' + C'/ \a + X' {r - To) 



^1,2 



4AorC3 



r(o), 



XUr,a) 



X^ + 



a + X^T- To) 



X\r) 
X''Hr,a) 

X' (r, a) 
The proper string size is 



'2X^TClC 



-T 



T^OO -1^1,2 



X','' + Cl!\a + X'T), 



X^ + Cia + 



27 



/s oc 



^ 1 - (AV2A0T)' 



In the considered Kasner space-time, it grows like t~^^^ for t ^ 0, and like t^^^ for 
t —>■ oo. Recall that the space volume depends on the cosmic time t linearly. 

Our choice of the scale factors ,t ' ] was dictated only by the simplicity 

of the solution. However, this is a very special case of a Kasner type metric. Actually, 
this is one of the two solutions of the constraints (|35D (up to renaming of the coordinates 
x^) for which two of the exponents are equal. The other such solution is = (0, 0, 1) 
and it corresponds to flat space-time. Now, we will write down the exact null string 
solution (T = 0) for a gravity background with arbitrary, but different q^. It is given 



13 



by (PSf), where 



I it) = constant -^^^^^^^j^-. 



2(g2-gi)' 2(g2-gi) ' \A 



V = 2{q2-q3)k + q2 + l-2qM, qM = {0, Qi, q2, Qs), for gi > ga, 



and 

2k 

tM I 



I (t) = constant + — ^ ^ 



k\T (1/2 - fc) Q 

2(gi-g2)' 2(gi-g2) U?/ 

Q = 2{qi - q'i)k + gi + 1 - 2gM, for qi < q2- 

Because there are no restrictions on g^, except gi 7^ g2 7^ (Js, the above probe string 
solution is also valid in generalized Kasner type backgrounds arising in superstring cos- 
mology [37|. In string frame, the effective Kasner constraints for the four dimensional 
dilaton-moduli-vacuum solution are 



3 3 



-1 - ^3 (1 - < /c < -1 + ^3 (1 - B^), B' G [0, 1] . 

In Einstein frame, the metric has the same form, but in new, rescaled coordinates and 
with new powers g^ of the scale factors. The generalized Kasner constraints are also 
modified as follows 

Actually, the obtained tensionless string solution is also relevant to considerations 
within a pre-big bang context, because there exist a class of models for pre-big bang 



cosmology, which is a particular case of the given generalized Kasner backgrounds |37 



Our next example is for a string moving in the following ten dimensional super- 
gravity background given in Einstein frame |^| 

ds^ = gf^^dx^dx^ = exp{2A)7]mndx"'dx'' + exp(25) (dr^ + r^dQ^) , 

k 

exp [—2(0 — 0o)] = 1 H — (pQ, k = constants, 



3 1 

A = -{(j)- (l)o), 5 = --(0-0o), 5oi = -exp 



-2 
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All other components of Bmn as well as all components of the gravitino iI^m and dilatino 
A are zero. If we parameterize the sphere S'^ so that 



i-i 

9fo-j,io-j = exp(2S)r2 [] sin^ x^""', j = 2,3,..., 7, g^^ = exp(2S)r^ 

1=1 



the metric g'^jy does not depend on x°, and x^, i.e. = 0, 1, 3. Then we set 
y" = Uo = constants for a = 4, .... 9 and obtain a solution of the equations of motion 
and constraints as a function of the radial coordinate r: 



(r, (7) = + CI (aV + a) ± /''(r), r(r) = tq ± /(r), 
/-(r) = 77-" £ (i« 5± + 2A°T£„fcCi exp (-00/2) (^1 + A j 

/^(r) = 4 r , ^ I{r) = exp (0o/2) f duWi"\ 

S Jro U Jro 



where 



W+ = 



+ 2A°TCi exp (-0o/2) (^1 + ^ j 
- 2A°rC^ exp (-0o/2) + 
+ (2A°r)%xp(0o)|[(^^^)'-(ci) 



H 2 



-1 



This is the solution also in the string frame, because we have one and the same metric 
in the action expressed in two different ways. 

The above solution extremely simplifies in the tensionless limit T — 0. Let us give 
the manifest expressions for this case. For ro < r, they are: 



lim /'"(r) = ?7"*"S± f J° + A; J^) , lim /^(r) = ^ J^, lim 7(r) = J°, 



where 



TT 



X 



r/5 



1 oc 



r 




(A-// 




(6n + /3 - 


-i)r(if^) 


r 





6n+l3-l 
\ 4 



,-„-!) / 



-j^ oo 

13-1 X] 
^0 n= 
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and P^f'^^^z) are the Jacobi polynomials. To obtain the solution for ro > r, one has to 
exchange r and ro in the expression for J^. 

Now let us turn to the case of a D-string living in five dimensional anti de Sitter 
space-time. The corresponding metric may be written as 



5-00 = - 1 + 



i?2 



9n 



1 + 



i?2 



2-2 S • 2 4 

(722 = sm X sm x , 



2-24 

5(33 = r sm X , 



5-44 = r 



where K = —1 / R"^ is the constant curvature. Now qmn does not depend on a;°, x^ and 
-Bmat = 0. If we fix the coordinates x^, x^ and use the generic formula (p3D, the exact 
solution function of r = x will be 



X" fr, (T 



(r, a) = + Cl (aV + cr) ± ^ T ^ {900V, 

^ ' C J m U ^ 

r(r) = To ± / rfw (fi-ooV^ 



±0 



-1/2 



^±0 

'D 



c = smx5 smxg, 



Foi{r) = -QsTdX' 



where 



B. 



±\ 2 



+A 



± 



'Cl 



I)' 



R 



u'. 



This solution describes a D-string evolving in the subspace (x°,x^,x2). 

Alternatively, we could fix the coordinates r = ro, x'^ = Xq = ipo and obtain a 
solution as a function of the coordinate x^ = 9. In this case, the result is the following 



X° (0, a) = X° + Ci (aV + a)T^^fdu (-V^^) 



X2(^,a)=X2 + C| AV + a ±^ 



5-00 Js,, 



-1/2 



-1/2 



JSo sm M 

^ = ro sin 

2 



(Cl) 9^00+ (gCl) sinH 



where 



±0 

D 



A±C,()] sm u — ^ 5-^ 

^ sm M 
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This is a solution for D-string placed in the subspace described by the coordinates 

Another possibility is when the coordinates r and 6 are kept fixed, while the coordi- 
nate ip is allowed to vary. However, it is easy to show that in this case the dependence 
of the solution on ip will be the same as on 6, with some constants changed. 

Finally, we will give an example of exact solution for a D-string moving in a non- 
diagonal metric. To this end, let us consider the ten dimensional black hole solution 
of [03]. In string frame metric, it can be written as PD| 



1 + 



Tn sinh^ a 



-1/2 



1 + 



Tq sinh^ 7' 



'1/2 



dt^ + {dx^Y + -? [coshxdt + sinh^rfx' 



1 + 



Tn sinh^ a ' 



Tn sinh a 



+ 1 + 



exp [-2(0 - 0oo)] 



{dx^'f + {dx^'f + {dx'f + (rfx') 



„6\2 



7\2 



„8\2 



1/2 



Tq sinh^ 7 ' 



Tq sinh^ a ' 



1/2 



dr^ + r^d^l 



1 + 



Tq sinh^ 7 ' 



(37) 



The equalities ( pTl) define a solution of type IIB string theory, which low energy action 
in Einstein frame contains the terms 



-9 



i?_l(V0f __Lexp(0)if 



/2 



(3^ 



where H' is the Ramond-Ramond three-form field strength. The Neveu-Schwarz 3-form 
field strength, the selfdual 5-form field strength and the second scalar are set to zero. 
Therefore, in the solution (|33|), we also have to set Bmn = 0. Besides, our solution 
corresponds to a constant dilaton field = 0o- If we identify 0o = 4>od, this leads to 
a = 7 in (p?!). On the other hand, we have not included in the D-string action (|29| ) 
the Ramond-Ramond 2-form gauge field, so we have to set H' = 0. It follows from 
here that a = 7 = [^. All this results in a simplification of the metric (0), and in 
this simplified metric the exact D-string solution as a function of the radial coordinate 
r reads 

X'' (r, a) = + (aV + a) ± I''{r), fi = 0,2, 5, 6, 7, 8, 9, 
X^'^ = Xq"^ = constants, r(r) = Tq ± /(r). 



where 



— du 

Jro 



du 



ro 



B^go9 - B^gJ gnW-'/\ 
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1/2 



/ = 2,5,6,7,8, / 



-1/2 



Bl 



911 



900 + 



A^dY 



911 



999 



/ /1 2 ^0/^9' 

-2 BtBt + 



1 

^11 



^11 

2 



909 



d=5 



+ 



'Br 



c u 



Actually, after fixing the dilaton to constant and H' to zero, we have obtained a 
solution for a D-string moving in ten dimensional Einstein gravity background, as is 
seen from (^8|). That is why, now we are going to consider the case = 0o, i?' 7^ 0. To 
this aim, we have to add a Wess-Zumino term to the action (p9D, describing the coupling 
of the D-string to the Ramond-Ramond two-form gauge potential -B^Af {H' = dB'). 
It can be shown that this leads to the following change in the equations of motion (|3T|) 



LAIN 



LAIN 



2AV exp {a(f)o) H'^MN^ 



where fi is the D-string charge {fi = ±Td from the requirements of space-time su- 
persymmetry and worldsheet K-invariance of the super D-string action). Then one 
proceeds as before to obtain an exact solution of the equations of motion and con- 
straints. This solution is given by (pB]), where the replacement 



\^B 



AIN 



X^B 



AIN 



2\^ji exp (a0o) B'j^ 



A4Ni 



must be done. Now we can put there the background P7| ) with a = 7 7^ to obtain 
an exphcit probe D-string solution. 



7 Discussion 

In this article we performed some investigation on the classical string dynamics 
in D-dimensional (super)gravity background. In Section 2 we begin with rewriting 
the string action for curved background in a form in which the limit T — > could be 
taken to include also the null string case, known to be a good approximation for string 
dynamics in strong gravitational fields. Then we propose an ansatz, which reduces 
the initial dynamical system depending on two worldsheet parameters (r, cr) to the one 
depending only on r, whenever the background metric does not depend at least on 
one coordinate. An alternative ansatz is also given, which leads to a system depending 
only on a. 

Let us note that the usually used conformal gauge for the auxiliary worldsheet 
metric 7™" corresponds to = 0, 2A°T = 1. However, the latter does not allow for 
unified description of both tensile and tensionless strings. 
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The ansatz (0) and the ansatz (01) generahze the ones used in [0-P21 for finding 



exact string solutions in curved backgrounds. It is also worth noting that (y) and 
(H) are based on the obtained string solutions F^{w±), which do not depend on the 
background metric. In conformal gauge, they reduce to the solutions for left- or right- 
movers, known to be the only background independent non-perturbative solutions for 
an arbitrary static metric, which are stable and have a conserved topological charge 
being therefore topological solitons 0. 

In Section 3, using the existence of an abelian isometry group G generated by 
the Killing vectors d/dx'^, the problem of solving the equations of motion and two 
constraints in D-dimensional curved space-time Md with metric qmn is reduced to 
considering equations of motion and one constraint in the coset M.d/G with metric 
hah- As might be expected, an interaction with an effective gauge field appears in the 
Euler-Lagrange equations. In this connection, let us note that if we write down A^, 



'■V 1 



introduced in (p!7[) , as 

K = KK 

this establishes a correspondence with the usual Kaluza-Klein type notations and 

gMNdy^dy"" = h^bdy'^dy' + g,, {dy^ + A^Jy'') (dy"" + Aldy') . 

In the remaining part of Section 3, we impose a number of conditions on the background 
metric, sufficient to obtain exact solutions of the equations of motion and constraints. 
These conditions are such that the metric is general enough to include in itself many 
interesting cases of curved backgrounds in different dimensions. 

In Section 4, the previous results are generalized to include a nontrivial Kalb- 
Ramond background gauge field Bmn, which arises in the supergravity theories - the 
low energy limits of superstring theories. The Bmn is restricted to depend on these 
coordinates on which the background metric does. There are also indirect restrictions 
on gMN and Bmn- They follow from the condition on the effective one- form potential 
B^ in the equations of motion ( pSj ) to be oriented along one of the coordinate axes, 
all other components being pure gauges. It is explained how the derived probe string 
solution looks like also in Einstein frame metric - the one used when searching for 
brane solutions of the string-theory effective field equations. At the end of the section, 
the induced worldsheet metric is given and it depends only on the g^i, part of the 
background metric, which corresponds to its Killing vectors d/dx^. 

In section 5, we consider the D-string dynamics. In an appropriate parameteriza- 
tion of the auxiliary worldsheet field /C™"- and with the help of a modified ansatz, we 
succeeded to reduce the task of finding exact solutions to the apphcation of methods 
used for this purpose in the previous section. In that case, the limit — also could 
be taken and this will give a solution of the equations of motion and constraints for 
a tensionless D-string. However, the tensionless D-string is not a null string, i.e. the 
induced worldsheet metric is not degenerate. Really, the induced metric is 



A^)'-(a2)'-(2A°T^)'J G, 
Gqi = A^Gii, Gil = G^G'^g^^ (X 



11; 
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det Gr 



Consequently, when To = 0, det Gmn is still different from zero. Moreover, the tensile 
fundamental string can be viewed as a particular case of the tensionless D-string ^ . 
Indeed, it is not difficult to show by using and ( pOD that the fundamental string 
action (|21|) can be obtained from the D-string action p9|) by setting Am = 0, </> = 0, 
A2 = 2A°T and taking ^ 0. 

The next section is devoted to four examples of exact string solutions in different 
backgrounds in four, five and ten dimensions. As an example of solution in cosmological 
type background, we consider four dimensional Kasner space-time. The next example 
is for a string moving in ten dimensional supergravity background. The D-string 
solutions are illustrated with two examples - in five dimensional anti de Sitter and in 



ten dimensional black hole backgrounds. It is evident from the solution (27) and from 
the first two examples that the (exact) null string dynamics in curved backgrounds, ETI 
- |43|, [^], - is simpler than the tensile string one. Moreover, the tensionless 
string does not interact with the Bmn background, according to the action (^I]) . This 



is a consequence of the condition for K-invariance of the Green-Schwarz superstring 
action, which bosonic part is (21). Actually, the null super p-brane actions are k- 
invariant in flat space-time without Wess-Zumino terms |H9|, EOl . The D-string case is 



different. The tensionless D-string does interact with the Kalb-Ramond background. 

Let us finally note some specific features of the received solutions. The parameteri- 
zation of the worldsheet fields 7*"" and /C"*" is such that permit for a unified description 
of the tensile and tensionless string solutions. The ansatz (^ and the ansatz ( |5^ con- 
tain the terms ±2A°TC±r and A±C±t respectively, which disappear in the expressions 
(P7]) and (33) for the exact (D)-string solutions as a function of one of the coordinates. 
There, they are replaced by the corresponding integrals. The other part of the back- 
ground independent solution, C± (A^r + a), is a particular case of such solution for the 
null p-branes Another distinguishing feature of our exact solutions is that we 

do not restrict ourselves to the usually used static gauge X"^{^) = when probe 
brane dynamics is investigated. It is possible to impose this gauge on the solutions and 
this will result in additional conditions on them. 
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